In this note we consider SDEs of the type dX t = [F (X t ) − AX t ]dt + DdW t under the assumptions that A's eigenvalues are all of positive real parts and F (·) has slowerthan-linear growth rate. It is proved that lim t→∞ X t √ log t = 2λ 1 almost surely with λ 1 being the largest eigenvalue of the matrix Σ :
Introduction
It's well known that, for a given one-dimensional stationary Ornstein-Uhlenbeck (OU for short) process X = {X t : t ≥ 0}there exist λ, σ > 0, µ ∈ R and a standard Brownian Motion (BM for short) B(·) such that X has the same distribution as {σ ·e t ≥ 0}. Therefore the law of iterated logarithm for BM (see, e.g., [1] ) leads us to the conclusion X t = O( √ log t) almost surely. In this note we investigate what bounds can we achieve for higher dimensional OU processes X = {X t : t ≥ 0} and alikes which may be modeled by the following SDE (of dimension d ≥ 2) Our main result can be stated as the following.
Theorem 1
The solution to (1.1) always satisfies
where λ 1 is the largest eigenvalue of the matrix Σ :
Here the discarded measure-zero set can be chosen independent of the initial values X 0 = x.
Such result seems to be new in literature as to our knowledge and deserves a publication somewhere. The proof of the main theorem, based mainly on the well-known fact mentioned at the beginning of the introduction and on elemental linear algebra, is presented in Sect. 2 and Sect. 3; the calculation of the precise limit value in (1.2) is based mainly on [2] , see Sect. 2.
OU Processes Case: F = 0
In this part, we consider the simpler case of F = 0, i.e., the follow model
Clearly the solution satisfies the follow formula
Markov process.
Throughout this section, we will use B · in denoting one dimensional standard BM and write W · for higher dimensional standard BM.
As we have addressed in the introduction, any one dimensional stationary OU process is of growth rate O( √ log t). This result can be restated as the following lemma, whose proof is omitted.
Lemma 2 For any λ > 0, almost surely we have
Based on the above lemma, we would prove the following three lemmas.
Lemma 3 For λ > 0 and any k ∈ N, almost surely we have
Lemma 4 For λ > 0, µ = 0, almost surely we have
Lemma 5 For λ > 0, µ = 0 and any k ∈ N, almost surely we have
Proof of Lemma 3. Put Y t := t 0 e −λ(t−s) dB s and
And
Lemma 2 tells us L(t) = O( √ log t). Hence I
for all k ∈ N. ✷ Proof of Lemma 4. For any θ ∈ R, we write
These are rotations which preserve the distance induced by the standard norm · on R 2 .
Consider the following diffusion process
where
It is easy to see that W · is still a 2-dimensional standard BM. And
Now in view of Lemma 2 it is clear that
Similarly,
The lemma follows from the above equations. ✷ Proof of Lemma 5. Now for any k ≥ 1 (fixed), consider
where R · is introduced in the proof of Lemma 4. It is easy to see that
where W · is also introduced in the proof of Lemma 4. Now Lemma 3 tells us X t = O( √ log t) and the rest proof follows smoothly as in the proof of Lemma 4. ✷ 
Hence c = √ 2λ 1 . And (1.2) follows.
3 General Case: F = 0
Now we consider the general case with F = 0. As is known, the solution to (1.1) satisfies
Since A satisfies condition (C1), there exist λ 0 > 0 and K > 0 such that
Fix an arbitrarily small ε > 0 (with ε < λ 0 K ), by assumption (C2) there exists C = C(ε) > 0 such that
In view of (3.1) we have
Then u(·) can be regarded as a continuous positive function (almost surely) which satisfies the following inequality Thus, noting (3.4) and the monotonicity of f , we have u(t) ≤ f (t) + ε 0 e −λ 0 t · ϕ(t) ≤ f (t) + ε 0 t 0 f (s)e −λ(t−s) ds
This implies that the solution X t has almost the same growth rate as Specifically we always have X t = O( √ log t) almost surely. Clearly the limit value in (1.2) is coincident with that of the OU case (i.e., the case F = 0).
